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THE ADJOINT MAP OF THE SERRE DERIVATIVE AND SPECIAL
VALUES OF SHIFTED DIRICHLET SERIES
ARVIND KUMAR
Abstract. We compute the adjoint of the Serre derivative map with respect to the Pe-
tersson scalar product by using existing tools of nearly holomorphic modular forms. The
Fourier coefficients of a cusp form of integer weight k, constructed using this method, in-
volve special values of certain shifted Dirichlet series associated with a given cusp form f
of weight k + 2. As application, we get an asymptotic bound for the special values of these
shifted Dirichlet series and also relate these special values with the Fourier coefficients of f .
We also give a formula for the Ramanujan tau function in terms of the special values of the
shifted Dirichlet series associated to the Ramanujan delta function.
1. Introduction
For any positive integer k ≥ 4, let Mk(Γ) (resp. Sk(Γ)) be the space of modular forms
(resp. cusp forms) of weight k for a congruence subgroup Γ of SL2(Z). For even k ≥ 2, the
Eisenstein series of weight k is given by
Ek(z) = 1−
2k
Bk
∞∑
n=1
σk−1(n)q
n,
where Bk is the k
th Bernoulli number, σk−1(n) =
∑
d|n d
k−1, q = e2πiz, and z is in the upper
half-plane H. For k ≥ 4 and even, the Eisenstein series Ek is a modular form of weight k
for SL2(Z). The Eisenstein series E2 and the derivative Df :=
1
2πi
d
dz
of f ∈Mk(Γ) do not
satisfy the modular property. But by taking a certain linear combination of Df and E2f ,
we get a function which transforms like a modular form of weight k + 2. The underlying
map on Mk(Γ) is called as the Serre derivative, denoted by ϑk and given in section 3. We
first show that the Serre derivative is a C-linear map from Sk(Γ) to Sk+2(Γ) which are finite
dimensional Hilbert spaces. In this article our purpose is to find the adjoint of the Serre
derivative map with respect to the Petersson inner product. It gives construction of a cusp
form of weight k with interesting Fourier coefficients, from a given cusp form of weight k+2.
Using the properties of Poincare´ series and adjoint of linear maps, W. Kohnen in [14]
constructed the adjoint map of the product map by a fixed cusp form, with respect to the
Petersson scalar product. After Kohnen’s work, similar results in various other spaces have
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been obtained by many mathematicians, since the Fourier coefficients of the image of a
form involve special values of certain shifted Dirichlet series attached to these forms, e.g.,
generalization to Jacobi forms (see [5], [10] and [18]), Siegel modular forms (see [15] and
[11]), Hilbert modular forms (see [21]) and half-integral weight modular forms (see [9]).
In this case also, the Fourier coefficients of the image of f under the adjoint of the Serre
derivative map, involve special values of certain shifted Dirichlet series associated with the
Fourier coefficients of f . As an application we obtain relations among the coefficients of
modular forms and special values of these shifted Dirichlet series. Moreover, we also give
an asymptotic bound of the special values of this shifted Dirichlet series. Since E2 and the
derivative of a modular form are quasimodular forms (introduced by Kaneko and Zagier
[12]), they do not satisfy the modular transformation property. Hence, it is not possible to
define the Petersson inner product in the usual way for the space of quasimodular forms.
However, there is an isomorphism between the space of quasimodular forms and the space
of nearly holomorphic modular forms and we can define the Petersson inner product in the
space of nearly holomorphic modular forms. Therefore, sometimes it is convenient to switch
our problems from quasimodular forms to nearly holomorphic modular forms and vice versa.
By the means of Maass-Shimura operator Rk and E
∗
2 (see section 2 for notations), we first
transform the definition of the Serre derivative in the context of nearly holomorphic modular
forms and then we compute the adjoint map explicitly. We emphasize that our proof can be
carried out in the setting of half-integral weight forms to construct cusp forms of half-integer
weight.
2. Basic tools and notations
Let µΓ denote the index of Γ in SL2(Z). Unless otherwise stated we assume that k ∈ Z.
For γ =
(
a b
c d
)
∈ GL+2 (Q), we define the slash operator as follows:
f |kγ(z) := (detγ)
k/2(cz + d)−kf(γz), where γz =
az + b
cz + d
.
We denote by Mk(Γ, χ) (resp. Sk(Γ, χ)) the space of modular forms (resp. cusp forms) of
weight k for the congruence subgroup Γ of level N and Dirichlet character χ (mod N). We
write Mk(N) (resp. Sk(N)) for the corresponding spaces if Γ = Γ0(N) and χ is the principal
character.
Let f, g ∈Mk(Γ) be such that the product fg is a cusp form. Write z = x+ iy, then the
Petersson inner product is defined by
〈f, g〉 :=
1
µΓ
∫
z∈Γ\H
f(z)g(z)yk
dxdy
y2
. (1)
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Let k and n be positive integers. The nth Poincare´ series of weight k for a congruence
subgroup Γ is defined by
Pk,n(z) :=
∑
γ∈Γ∞\Γ
e2πinz|kγ, (2)
where Γ∞ :=
{
±
(
1 t
0 1
)
|t ∈ Z
}
.
It is well known that Pk,n ∈ Sk(Γ) for k > 2 and it is characterized by the following property
which is known as the Petersson coefficient formula:
Lemma 2.1. Let f ∈ Sk(Γ) with Fourier expansion f(z) =
∞∑
m=1
a(m)qm. Then
〈f, Pk,n〉 = αk,na(n),
where, αk,n =
Γ(k − 1)
(4πn)k−1
.
The following familiar result tells about the growth of Fourier coefficients of a modular
form in which the first statement is trivial and the second is due to P. Deligne [6]:
Proposition 2.2. If f ∈Mk(Γ, χ) with Fourier coefficients a(n), then a(n)≪ n
k−1+ǫ,
and moreover, if f is a cusp form, then a(n)≪ n
k−1
2
+ǫ, for any ǫ > 0.
2.1. Nearly holomorphic modular forms. For the convenience of the reader we repeat
the relevant material from [20] in our setting without proofs, thus making our exposition
self-contained.
Definition 2.3. A nearly holomorphic modular form f of weight k and depth ≤ p for Γ is
a polynomial in 1
ℑ(z)
of degree ≤ p whose coefficients are holomorphic functions on H with
moderate growth such that
f |kγ(z) = f(z),
for any γ =
(
a b
c d
)
∈ Γ and z ∈ H, where ℑ(z) is the imaginary part of z.
Let M̂≤pk (Γ) denote the space of nearly holomorphic modular forms of weight k and depth
≤ p for Γ. We denote by M̂k(Γ) =
⋃
p M̂
≤p
k (Γ) the space of all nearly holomorphic modular
forms of weight k. Note that
E∗2(z) = E2(z)−
3
πℑ(z)
(3)
is a nearly holomorphic modular form of weight 2 for the group SL2(Z).
Definition 2.4. Let f ∈ M̂k(Γ). Then f is called a
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• rapidly decreasing function at every cusp of Γ if for each α ∈ SL2(Q) and positive
real number c, there exist positive constants A and B depending on f , α and c such
that
|ℑ(αz)k/2f(αz)| < Ay−c if y = ℑ(z) > B.
• slowly increasing function at every cusp of Γ if for each α ∈ SL2(Q) there exist
positive constants A, B and c depending on f and α such that
|ℑ(αz)k/2f(αz)| < Ayc if y = ℑ(z) > B.
Remark 2.1. For example, a modular form is slowly increasing and a cusp form is rapidly
decreasing function. Moreover, the product of a rapidly decreasing function with any nearly
holomorphic modular form provides a rapidly decreasing form.
Let f, g ∈ M̂k(Γ) be such that the product fg is a rapidly decreasing function. Write
z = x+ iy, then the inner product is defined by
〈f, g〉 :=
1
µΓ
∫
z∈Γ\H
f(z)g(z)yk
dxdy
y2
. (4)
By abuse of notation, we used the same symbol here for Petersson inner product as in the
case of modular forms given in (1). The integral is convergent because of the hypothesis and
hence the inner product is well defined.
Definition 2.5. The Maass-Shimura operator Rk on f ∈ M̂k(Γ) is defined by
Rk(f) =
1
2πi
(
k
2iℑ(z)
+
∂
∂z
)
f(z).
The operator Rk takes M̂k(Γ) into M̂k+2(Γ), so sometimes it is called Maass raising operator.
There is another operator Lk := −y
2 ∂
∂z
: M̂k+2(Γ) → M̂k(Γ), known as Maass lowering
operator, which annihilates any holomorphic function. In [20, Theorem 6.8], It was shown
that the operator Lk is the adjoint of Rk with respect to the inner product (4), as long as
the product of the functions is rapidly decreasing (see also [2, Lemma 4.2]). We now state
an interesting application of this observation which plays a crucial role in the proof of our
main result.
Lemma 2.6. Let Γ be a congruence subgroup and let f ∈ Sk+2(Γ). Then 〈f, Rkg〉 = 0 for
any g ∈Mk(Γ).
2.2. A shifted Dirichlet series. Let f(z) =
∞∑
n=0
a(n)qn and g(z) =
∞∑
n=0
b(n)qn. For m > 0,
define a shifted Dirichlet series of Rankin type as in [14] by
Lf,g,m(s) =
∑
n>1
a(n+m)b(n)
(n+m)s
. (5)
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If the coefficients a(n) and b(n) satisfy an appropriate bound, then Lf,g,m(s) converges ab-
solutely in some half-plane.
For f ∈ Sk(Γ, χ) and a non negative integer m, consider a shifted Dirichlet series of Rankin
type associated with f and E2 denoted by Lf,m(s) and defined by
Lf,m(s) := −
1
24
Lf,E2,m(s) =
∑
n>1
a(n+m)σ(n)
(n +m)s
. (6)
Then by Proposition 2.2, it is absolutely convergent for Re(s) > k+3
2
. It can be shown
that Lf,m(s) has a meromorphic continuation to C (compare [8, section 2-5]). A slightly
different shifted Dirichlet series of this kind associated with two modular forms was first
introduced by Selberg in [19]. Recently, in [8], J. Hoffstein and T. A. Hulse rigorously
investigated the meromorphic continuation of a variant of Selberg’s shifted Dirichlet series
and multiple shifted Dirichlet series. In [16], M. H. Mertens and K. Ono proved that certain
special values of symmetrized sum of such functions involve as the coefficients of sum of
mixed mock modular forms and quasimodular forms. The p-adic properties of these were
furthermore studied in [1].
3. Serre derivative
It is well known [17, Proposition 2.11] that for a positive integer k and f ∈ Mk(Γ) the
function
ϑkf := Df −
k
12
E2f (7)
is a modular form of weight k + 2 for Γ. The weight k operator ϑk defined by (7) is called
the Serre derivative (or sometimes the Ramanujan-Serre differential operator). It is an
interesting and useful operator because it defines an operator on modular forms for any
congruence subgroup with character and also preserves cusp forms.
Theorem 3.1. Let k be a non negative integer. Then the weight k-operator ϑk maps
Mk(Γ, χ) to Mk+2(Γ, χ) and Sk(Γ, χ) to Sk+2(Γ, χ). In particular ϑk maps Sk(N) to Sk+2(N).
Remark 3.1. We observe that, the Serre derivative can also be written in the form
ϑk(f) = Rkf −
k
12
E∗2f. (8)
This form is quite useful while computing the Petersson inner product as Rkf and E
∗
2f are
nearly holomorphic modular forms, where the inner product is defined by (4), provided f is
a cusp form.
Remark 3.2. Similar to (7), we can define the weight k
2
-operator ϑk/2 for an odd positive
integer k. Then one can easily see that ϑk/2 maps a modular form (resp. cusp form) of
weight k
2
to modular form (resp. cusp form) of weight k
2
+ 2.
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4. Main Theorem
From Theorem 3.1 we know that ϑk : Sk(Γ) → Sk+2(Γ) is a C−linear map of finite
dimensional Hilbert space and hence has an adjoint map ϑ∗k : Sk+2(Γ)→ Sk(Γ), such that
〈ϑ∗kf, g〉 = 〈f, ϑkg〉, ∀ f ∈ Sk+2(Γ), g ∈ Sk(Γ).
In the main result we exhibit the Fourier coefficients of ϑ∗kf for f ∈ Sk+2(Γ). Its m
th Fourier
coefficient involves special values of the shifted Dirichlet series Lf,m(s). Now we shall state
the main theorem of this article.
Theorem 4.1. Let k > 2. The image of any function f(z) =
∑
n>1
a(n)qn ∈ Sk+2(Γ) under
ϑ∗k is given by
ϑ∗kf(z) =
∑
m>1
c(m)qm,
where
c(m) =
1
µΓ
k(k − 1)mk−1
(4π)2
[
(m− k
12
)
mk+1
a(m) + 2kLf,m(k + 1)
]
.
5. Applications
5.1. An asymptotic bound for Lf,m(k + 1). Let f ∈ Sk+2(Γ) and Γ be a congruence
subgroup of level N . From Theorem 4.1, we can write
Lf,m(k + 1) =
1
2k
[
µΓ(4π)
2
k(k − 1)
1
mk−1
c(m)−
(m− k
12
)
mk+1
a(m)
]
.
Here, c(m) is the mth Fourier coefficient of ϑ∗kf which is a cusp form of weight k. Hence, in
view of Proposition 2.2, a direct calculation gives
Lf,m(k + 1)≪ m
1−k
2 , (9)
where the implied constant depends on f .
5.2. Values of Lf,m(k + 1) in terms of the Fourier coefficients. Let k > 2 and Γ be a
congruence subgroup for which Sk(Γ) is a one-dimensional space; we denote a generator of
Sk(Γ) by f(z). Then applying Theorem 4.1, we get ϑ
∗
kg(z) = αgf(z) for any g ∈ Sk+2(Γ),
where αg is a constant. Now equating the m
th Fourier coefficients both the sides, we get a
relation among the special values of the shifted Dirichlet series associated with g and the
Fourier coefficients of f . In the following, we illustrate this with one example.
From now on, ∆k,N will denote the unique normalized cusp form with Fourier coefficients
τk,N(n) in the one dimensional space Sk(N). Note that ∆12,1(z) = ∆(z), whose Fourier
coefficients τ(n), the Ramanujan tau function. For a positive integer t, we introduce the
V -operator acting on a function f (defined on C) by
Vtf(z) := f(tz).
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It is known that Vt is a linear operator from Sk(N) into Sk(Nt). Note that S10(2) = C∆10,2(z)
and S12(2) = C∆(z) ⊕ CV2∆(z). Now considering the map ϑ10 : S10(2) → S12(2), a direct
computation shows that
ϑ10∆10,2(z) =
1
6
∆(z) +
128
3
V2∆(z) (10)
Let ϑ∗10∆(z) = α∆10,2(z) and ϑ
∗
10V2∆(z) = β∆10,2(z), for some α, β ∈ C. By using the
property of the adjoint map and (10), we have
α‖∆10,2‖
2 = 〈α∆10,2,∆10,2〉 = 〈ϑ
∗
10∆,∆10,2〉
= 〈∆, ϑ10∆10,2〉 = 〈∆,
1
6
∆ +
128
3
V2∆〉
=
1
6
‖∆‖2 +
128
3
〈∆, V2∆〉. (11)
Similarly,
β‖∆10,2‖
2 =
128
3
‖V2∆‖
2 +
1
6
〈∆, V2∆〉. (12)
From [4, Eq. 49], we know that 〈∆, V2∆〉 = −
1
256
‖∆‖2. Using it in expression (11), we get
α = 0, which gives
ϑ∗10∆(z) = 0. (13)
Now applying Theorem 4.1, we have
(m− 10
12
)
m11
τ(m) + 20L∆,m(11) = 0
τ(m) =
−20m11
(m− 5
6
)
L∆,m(11). (14)
From [13, Proposition 46], we get
‖V2∆‖
2 = 2−12‖∆‖2
and (12) gives
β =
5
29
‖∆‖2
‖∆10,2‖2
. (15)
Using Theorem 4.1 in the expression ∆10,2(z) =
1
β
ϑ∗10V2∆(z), we get
τ10,2(m) =
15m9
8βπ2
[
(m− 10
12
)
m11
τ
(m
2
)
+ 20LV2∆,m(11)
]
, (16)
where τ(n) = 0 if n is not an integer.
Therefore, for odd m, we have
τ10,2(m) =
3840m9
π2
‖∆10,2‖
2
‖∆‖2
LV2∆,m(11),
where LV2∆,m(11) =
∑
n>1
n:odd
τ(m+n
2
)σ(n)
(m+ n)11
.
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Remark 5.1. From (14), we see that for any m > 1 there exist n > 1 such that τ(m) and
τ(m+ n) are of opposite sign. In other words, it follows that Ramanujan tau function τ(m)
and L∆,m(11) both exhibit infinitely many sign changes. We can also find the values of
L∆,m(11) for each m > 1, in particular L∆,1(11) = −
1
120
. Moreover, Lehmer’s conjecture
is equivalent to non-vanishing of L∆,m(11). From (14), we also observe that for each m >
1, L∆,m(11) ∈ Q, because the coefficient field of ∆ is Q.
In general for any f ∈ Sk+2(Γ) and m > 1, using similar method, we can write Lf,m(k+1)
as a linear combination of mth Fourier coefficients of f and elements from a fixed basis of
Sk(Γ). Then analogous observations can be made as in Remark 5.1.
6. Proof of the main Theorem
We need the following Lemma to prove the main theorem.
Lemma 6.1. Using the same notation as in Theorem 4.1, the following sum of integrals∑
γ∈Γ∞\Γ
∫
Γ\H
| f(z)E∗2(z) e
2πimz|kγ y
k+2 |
dxdy
y2
converges.
Proof. Since f is a cusp form of weight k, the function fE∗2 is a nearly holomorphic modular
form of weight k + 2 and is rapidly decreasing at every cusp. Therefore, for some positive
constant M, we have
| y
k
2
+1f(z)E∗2(z) | 6 M, ∀ z ∈ H.
Changing the variable z to γ−1z and using the standard Rankin unfolding argument, the
sum in Lemma 6.1 equals to∫
Γ∞\H
| f(z)E∗2(z) e
2πimz yk+2 |
dxdy
y2
=
∫
Γ∞\H
| y
k
2
+1f(z)E∗2(z) | e
−2πmy y
k
2
+1 dxdy
y2
6 M
∫ ∞
0
∫ 1
0
e−2πmy y
k
2
−1 dxdy =M
Γ(k
2
)
(2πm)
k
2
.

Proof of Theorem 4.1. Since ϑ∗kf =
∑
m>1
c(m)qm, by Lemma 2.1, we get
c(m) =
(4πm)k−1
Γ(k − 1)
〈ϑ∗kf, Pk,m〉 =
(4πm)k−1
Γ(k − 1)
〈f, ϑkPk,m〉.
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By considering the above inner product in the space of nearly holomorphic modular forms
and using Lemma 2.6, we get
〈f, ϑkPk,m〉 = 〈f, RkPk,m −
k
12
E∗2Pk,m〉 = 〈f, RkPk,m〉 −
k
12
〈f, E∗2Pk,m〉
= −
k
12
〈f, E∗2Pk,m〉.
Hence,
c(m) = −
k
12
(4πm)k−1
Γ(k − 1)
〈f, E∗2Pk,m〉. (17)
Now consider,
〈f, E∗2Pk,m〉 =
1
µΓ
∫
Γ\H
f(z)E∗2(z)Pk,m y
k+2 dxdy
y2
=
1
µΓ
∫
Γ\H
f(z)E∗2(z)
∑
γ∈Γ∞\Γ
e2πimz |k γ y
k+2 dxdy
y2
.
By Lemma 6.1, we can interchange summation and integration in the above expression.
Using Rankin’s unfolding argument, the integral in the above expression can be written as∫
Γ∞\H
f(z)E∗2(z) e
2πimz yk dxdy
=
∫ ∞
0
∫ 1
0
∑
s>1
a(s)e2πis(x+iy)
(
1−
3
πy
− 24
∑
t>1
σ(t)e2πit(x+iy)
)
e2πim(x+iy)ykdxdy
=
∑
s>1
a(s)
∫ ∞
0
∫ 1
0
(
1−
3
πy
)
e−2πy(s+m)yke2πix(s−m)dxdy
− 24
∑
t>1
σ(t)
∑
s>1
a(s)
∫ ∞
0
∫ 1
0
e−2πy(t+m−s)yke2πix(s−t−m)dxdy (18)
= a(m)
∫ ∞
0
(
1−
3
πy
)
e−4πmyykdy − 24
∑
t>1
a(t +m)σ(t)
∫ ∞
0
e−4πy(t+m)ykdy
=
Γ(k)
π(4πm)k
(
k
4m
− 3
)
a(m)− 24
Γ(k + 1)
(4π)k+1
∑
t>1
a(t+m)σ(t)
(t+m)k+1
=
Γ(k)
(4π)k+1
[
(k − 12m)
mk+1
a(m)− 24kLf,m(k + 1)
]
.
By Proposition 2.2, interchanging the sum and integral in (18) is justified. Hence
〈f, E∗2Pk,m〉 =
1
µΓ
Γ(k)
(4π)k+1
[
(k − 12m)
mk+1
a(m)− 24kLf,m(k + 1)
]
.
This proves the theorem.
Remark 6.1. It is worth pointing out that Lemma 2.6 holds good for forms of half-integral
weight. So in view of Remark 3.2 and using the same technique as in the proof of Theorem 4.1,
10 A. KUMAR
one can explicitly find the map
ϑ∗k/2 : S k
2
+2(Γ) −→ S k
2
(Γ),
where k is an odd positive integer and Γ = Γ0(N), N ∈ 4N. It gives a construction of cusp
forms of half-integral weight whose coefficients involve special values of shifted Dirichlet
series of Rankin type.
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